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Foundations of
TypeSystems



Traditional Types

grade:Int =18

grade = 4.5

grade = -5
grade = 23



Refined lypes

grade: {x:Intl0<=x&&x<=20} =18




{x:TIp}is a refined type.

X is the name of variable (or fresh name)
T is a type (usually a base type)
p is a boolean predicate that can mention x.

{x:Intl x>0 }
{y:Booll y }
{z:Floatl true }



Refined lypes

def bonus (ograde:IntlO<=ograde<=20)
. (hgrade:IntlO<=ngrade<=20X
ograde + 1

;

def bonus (ograde:IntlO<=ograde<=20)
. (hgrade:Intl0O<=ngrade<=20)
If ograde == 20 then ograde
else ograde + 1



Dependent Types

def bonus (ograde:Intl0<=ograde<=20)
- (hgrade:IntlO<=ngrade<=20
&& ngrade >= ograde)
If ograde == 20 then ograde
else ograde + 1



{x:Tlp}is a refined and dependent type.

if p mentions variables other than x.

{X:Intlx>y}
{p:Intltrue} -> {q:Intlg>p}



def div: (x:Int) (y:Intly!=0) : Int{...}

div3 0 X

Subtyping:
{z:Intlz==0} <: {y:intly!=0}

Verification Condition:

vv:int, v==0 -> v!=0



def div: (x:Int) (y:Intly!=0) : Int{...}

dv32V

Subtyping:
{z:Intlz==2} <: {y:intly!=0}

Verification Condition:

vv:int, v==2 -> v!=0



How to prove (or disprove)

vv:Int, v>=0 -> vI=0

?

Liquid Types: Discharging to an SMT Solver
Full Dependent Types: Manually



F_our]dations of
Liquid Types



{x:Tip}is a liquid, refined and
dependent type.

if p is drawn from a decidable logic (QF_UFLIA)

QF: Quantifier-Free
UF: Uninterpreted Functions
LIA: Linear Integer Arithmetic



{x:Tip}is a liquid, refined and
dependent type.

{z:Intlz>0}

{z:Intlz+y=>0}
{z:Intlz*y>0}
{z:Intlz*3=0}



Verification Condition:

vv:int, v==0 -> vI=0

>>> import z3 >>> import z3
>> s = z23.Solver() >> s = z3.Solver()

>>> = 23.Int("v") >> v = z3.Int("v")

>> s.add(v=0)

s
>>> s.add(v==2) >>> s.add(z3.Not(vs0))
s

>>> s.add(z3.Not(vs£0)) >> s.check()

>>»> s.check() ::: model()

unsat ‘v = 0]
>> | >>> |}




{x:Tip}is a liquid, refined and
dependent type.

Uninterpreted Function
predicate size : Array -> Int

empty :{z:Arraylsize(z)=0}
append : X:Array ->
el:Int >
{y:Arraylsize(y)=size(x)+1}



Languages with Liquid Types

ML(1991) C (2012) Haskell (2014) Scala (2016) Java (2018)

Javascript (2012) Typescript (2016)  Ryst (2022)



. . z{ Liguid
LiquidJava =Java

Compiler for Java annotated with Liquid Types

e https://catarinagamboa.github.io/liquidjava.html

@Refinement ("positive > Q"
int positive : : :
positive = 50 @RefinementAlias("RGB(int x) {x >= @ && x <= 255}"
positive 1 class MyColor
@Refinement ("RGB(r)") int r
@Refinement ("RGB(_)") int g
@Refinement ("RGB(_)") int b

@Refinement("_ >= 0 && _ >= n"
public static int absolute(int n
if(0 n
return n @RefinementAlias("Percentage(int x) { x >= 0 & x <= 100}"
Elist public class Grade

return 0 n

@Refinement ("Percentage(_)"
public static int addBonus(@Refinement("Percentage(_)"
int grade
@Refinement ("Percentage(_) && bonus < grade"
int bonus
1f((bonus grade 100
return 100
else
return grade + bonus




LiquidJava

Liquid Types and Typestate

Typestate

Overview Package m Use Tree Deprecated Index Help

Prev Class Next Class

java.net

Class Socket

java.lang.Object
java.net.Socket

Summary: Nested | Field | Constr | Method Detail: Field | Constr | Method

Frames No Frames All Classes

755//(1(/
> =’Java

close

unconnected

(‘ Java

connect

@ExternalRefinementsFor ("java.net.Socket")
@statesSet ({"unconnected", "bound", "connected", "closed"})
public interface SocketRefinements ({

@StateRefinement (to="unconnected(this)")
public void Socket();

@SstateRefinement (from="unconnected (this)", to="bound (this)")
public void bind (SocketAddress add);

connected

sendUrgentData

Client code

Socket socket = new Socket();
socket.bind(new InetSocketAddress(...));
socket.sendUrgentData (90) ;
socket.close () ;




® ;f{(m'(/
AEON :ééja\//a

Programming Language with builtin Liquid Types

* https://github.com/alcides/aeon

type Unit;
def math : Unit = native_import "math"”;
def pow : (b:Int | 1<=b && b <= 100) ->
(d:Int | 1<=d && d <= 100) -> Int = native "lambda x: lambda y: math.pow(x , y)";

def test (x:Int | x > 0) : (z:Int | z < 0) {
?r

J



Applications of
Liquid Types

Machine Learning



MVP

Data Source
Import from CSV 1
Data Transformation

creditcard.csv Undersampling
Rows: 284807

Columns: 31
Time Series: false

Random State: None

. Random Forest Classifier
Split Dataset

Test Size: 0.25
Train Size: 0.75

Shuffle: false
Stratify by Class: false

Trees: 100
Max Depth: None
Criterion: gini

Data Balancing

Evaluate Classifier
Visualization

Classification
Regression
Classifier Evaluation
Regressor Evaluation
Import from CSV 1
(Dataset Port n_cols == 31)
Dataset Port n_rows == 284807)

Dataset Port n_rows == 284807)

Dataset Port reduced == False)

(
(
(Dataset Port time_series == False)
(
(

Dataset Port processed == False)

l




MLVP

Story #1: PHP Bytecode encoding

static const char *zend_vm_opcodes_names[199] = {

"ZEND_NOP",
""ZEND_ADD",
"ZEND_SUB",
"ZEND_MUL",
"ZEND_DIV",
""ZEND_MOD",




MLVP

Story #2: Sorted Dataset

3

- ) ﬂ’ training
7and° ” data

complete ' \

_
dataset ’;G\A
Maijp;
e

— _
test s




MLVP

Story #3: Temporal Cross-Validation

teration 1 /////A % l— { — ]l__
feraton 3 % '




MLVP

Story #4: Data Leakage

dff'target’] = df['old_target’].map(

lambda x:1 if x == “Cat” else 0)
X = df.drop(‘target’)
y = df[‘target’]

During our contamination check we discovered that portions of BIG-bench [48] were inadvertently mixed
into the training set, and we excluded it from our reported results.



MLVP

Static Verification of Semantic Properties

Categories Defects

Missing values

o Missing feature scaling
Feature normalization

Incorrect imputation

Incorrect interpolation

Missing subsampling

Data balancing Missing supersampling

Too many synthesized instances (e.g., SMOTE)

Use the same instances in training and testing

o o Using features built from the target features in training
Training/testing instances

Missing data shuffling

Perform cross-validation using Time Series

Incompatible data type between components

Pipeline construction Unexpected data distribution

Input dataset having an expected type or format




Applications of
Liquid Types

Robotics



Integrating Robotics Software Components is not easy!

B
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High reuse of source Developers rer on a small
code, libraries, and set of packages
CO nfigu ratio n fi | eS [Estefo, 2019 et al; Kolak et al, 2020]

[Garcia et al, 2020] I

80% of dependencies

[Kolak et al, 2020]



Integrating Robotics Software Components is not easy!

Issues during development ceo cta, 2019 Atal etal, 20201
Difficulty in system configuration

Dependency Issues

Lack of documentation

i 0 reported issues when integrating new
- 1% ere

[Estefo et, 2019]



Integrating Robotics Software Components is not easy!

<!—— Launch joy node —-—>
<node pkg="joy" type="joy _node" name="joy">
<param name="dev" value="$(arg _dev)" />

| <param name="deadzone" value="2" />

<param name="autorepeat_rate" value="40" />
<param name="coalesce_interval" value="0.025
</node>

~deadzone (double, default: 0.05)
This parameter is specified relative

to an axis normalized between -1 and 1.



ROSpec: a language for verification of robotics software
architecture

# Specification
expects {

cmdvel.linear.x > 0.0,
cmdvel. linear.y > 0.0,
cmdvel.linear.z > 0.0,

} where {

cmdvel: Twist topic /cmd_vel
}

ensures {
topic_scan.range_max - topic_scan.range_min < ranges_size,
topic_scan.angle_min < topic_scan.angle_max,
topic_scan.range_min < topic_scan.range_max,
topic_scan.angle_increment >= 0,

} where {
ranges_size: int := 120,
topic_scan: nav_msgs/LaserScan := topic /base_scan

}

# Native Functions
ensures {
tag(topic_scan, "metric"),
tag(t1, "metric"),
} where {
t1: PoseWithCovariance := topic /initialpose

}



LiquidJava for MAVSDK %%~ ®

(O~
« MAVSDK is one of the two most popular open-source drone '
controller frameworks (with a version in Java)

Mission
started

Mission
uploaded

Connection

established startMission

uploadMission

@ExternalRefinementsFor("io.mavsdk.mission.Mission")
@ StateSet({...,"connectionEstablished", "missionUploaded", "missionStarted"})
public interface MissionControllerRefinements {
@ StateRefinement(from="connectionEstablished(this)",to="missionUploaded(this)")
public void uploadMission(MissionPlan missionPlan);

@ StateRefinement(from="missionUploaded(this)", to="missionStarted(this)")
public void startMission();

}

Mission mission =
drone.getMission() ;

¥ mission.startMission();



LiquidJava for MAVSDK

setAttitudePositionMocap
Initialized setOdometry
setVisionPositionEstimate

Camera APL allow the drone 10 capture videos and photos of s suroundings
Al the getter should be enabled at all times without triggening any bugs

States Transitions
Mocap 2 6
Geofence 3 5
Mission 4 14
Offboard 4 17
Camera 6 15
FTP 5 19
FollowMe 6 20

4 bugs were found!

2 in Camera, 1 in FTP and 1 in FollowMe

sopPhotointerval




Why are
Liquid Types
not being adopted?



Participative Design of LiqguidJava

Syntax Survey with 50 collected answers

~
GRefinement (* >= 0 && _ <= 100”)

A public static int percentageFromGrade (RRefinement (“grade >= 0”) int grade,

QRefinement (“*scale > 0”) int scale)
- /

@Refinement (“{grade >= 0} -> {scale > 0} -> {_ >= 0 && scale > 0}")
B public static int percentageFromGrade (int grade, int scale)

o /

20

A
Not (e o Preferable °
acceptable € @& ¢
./ 0
o ¢ Not Accept. Acceptable Preferable
B

Not Accept. Acceptable Preferable



Editor Support for LiquidJava

% File Edit Selection View Go Run Terminal Help Test2java - together2 - Visual Studio .. — O X
® Test2java 1, M X >Dv 3 @M -
src > together2 > @ Test2java > ...

11 public void createSocket(InetSocketAddress addr) throws Exception { =

12 int port = 5000;

13 InetAddress inetAddress = InetAddress.getByName("“localhost");

14

15 Socket socket = new Socket(); .
16 socket.bind(new InetSocketAddress(inetAddress, port));

17 socket.sendUrgentDatag99); B
18 socket.close();

19 }

PROBLEMS @) TERMINAL  OUTPUT  DEBUG CONSOLE Y & -

v @ Test2java src\together2 .

® Failed to check state transitions. Expected possible states:(connected(this))

Ul
<

NOTIFICATIONS

0 ©) LiquidJava Extension is ON! Enjoy!

@ Found LiquidJava Api in the workspace - Loading Extension...

X  Pmant O ®1A0 # LiveShare Spaces:4 UTF-8 CRLF Java %  Spell JavaSE-11



User Study on LiquidTypes

7] LiquidJava helped developers find the bugs in code

Best results for lesser-known classes

Answers to Socket
Java Liquid)Java

15 + -

0
40.0% 46.7%

100.0% 100.0%

1 53.3%*

1 T T
To Find To Fix To Find To Fix
Answers Answers

Number of Answers

Correct % Incorrect Unanswered



User Study on LiquidTypes

Developers liked the error reporting and state refinements
but want better better plugin integration and error messages

Participants are interested in using LiquidJava

Would you use Liquid)Java in your projects?
100.0%

Number of Answers
= - N N w
o wn o wn o
1 1 1 1 1

wm
1

09%
yes no
Options

o
L



Liquid Types for
Regression

Program Synthesis



Program Synthesis with Refinements

Traditional GP Symbolic Expression:

2 * temperature * Season

More Interpretable Expression:

[Season = Winter? ]

Yes No

[ 2 *temp ] [ 3 *temp ]




Tree Generation

[ {z:Integer where z > 10} J

el e2 d=2
application
(y:Integer) -> {z:Integer -
L where z > 10} Integer
ed e4
application d=1
(x:Integer) -> (y:Integer) ->
{z:Integer where z > 10} (+ )2 >10 ]

+ d=0

variable

Legend

@ AST node Expected Type Expected condition

Problem: SMT Solvers lack consistent non-determinism



Solutions for

Lx>=0 && x < 30 && x'=15) | (x - 100)

]

Franslation to SymPy

v

L Or(And(And(Gte(x, 0), Lte(x, 30)). Neqg(x, 15)). Gi(x, 100))

l

Bounded Intervals

[[(0, ROpen(15)), (LOpen(15), 30)], (LOpen( 100), Infinity))

(comverason % men and man )

(0, 14), (16, 30), (101, maxny)]
1

Generate the value

-

value

(3)

Container(Parent):

age : Annotated[int, IntRange[0, 200]]

height : Annotated[float, FloatRange[0.10, 2.5]]

children : Annotated[List[Container], ListSizeBetween[1l,30]]
var_name : Annotated[str, VarRange[["x", "y", "z"]]]

Type

0
x - Integer where x > D LA x < 10

@

°EIITTER §

x: Integer where x4 == ()

R 0

= ==

v Integer where x > 0

a

€ e ST TN =

Integer

¢

-2000 -1000 0 1000
Individual

Version
® default
qflra
qfira-history
® aeon

2000 35 40 4.5
Individual

pe-guided sampling

5.0

1e9



4.00

fitness (MSE)
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o w
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0.99

fitness (f1 score)
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S
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1e5

Boom bikes

Domain-Aware Feature Learning with
Grammar-Guided Genetic Programming

FL fitness (MSE) comparison

fl
~— DKA-M3GP
~—— DK-M3GP
—— M3GP

0 50 100 150 200
Generations
Caesarean
FL fitness (f1 score) comparison
/
fl

—— DKA-M3GP
~—— DK-M3GP
- M3GP

0 50 100 150 200

Generations

Website visitors
1e5 FL fitness (MSE) comparison
2.8
N \
7
s 2.4
2 e S —
g 2.2
= fl
2.0 —— DKA-M3GP
—— DK-M3GP K
1.8 M3GP
0 50 100 150 200
Generations
Credit Risk
FL fitness (fl score) comparison
fl
0.850 DKA-M3GP
—— DK-M3GP
$0.845 — M3GP
o
b
— 0.840
§ 0.835
S
b=
0.830
0.825

0 50 100 150 200
Generations


https://www.researchgate.net/profile/Alcides-Fonseca/publication/369615357_Domain-Aware_Feature_Learning_with_Grammar-Guided_Genetic_Programming/links/64253f0292cfd54f843ba6dd/Domain-Aware-Feature-Learning-with-Grammar-Guided-Genetic-Programming.pdf

Probabilistic

Symbolic
Regression

64 x Better A
32X Better -
16X Better A

8x Better -

4 x Better A

2X Better 4

Equal A
2x Worse A
4x Worse A
8x Worse A

16x Worse A
32x Worse A

64 x Worse

106

# Runs

Goodness of Fit

1.6-

(o)}

1 0 U 0 A0 A

1.4-

1.2-

1.0-

0.8-

0.6-

0.4-

0.2-

0.0- ‘ , - . ‘ , : :
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

X ~ Beta(0.3, 0.25)
y ~ Beta(0.4, 0.25)
X+Y

100 3
1071 E g
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Archive quality

Perturbation
grammar
DiffSeq ::= DiffUnit{1-6}

___________

Semantically Rich Local Dataset Generation for Explainable Al in

Input
Original sequence \
/7
TGCP\C |o'5J
————————————————————————————————————————————— \)
/7
Selection and
genetic operators
Crossover: & Mutation
[ | [ |
= Bl
Tournément
||
f 09 vs O
N

No

.
Genomics
a .
Population
] ) Ind1 Ind2 Ind3 Ind4 Ind5 ....IndN
Dn‘fL.Jnlt |
: || ]
N=6 -
: \’
/ ° °
Fitness evaluation
o % 3z 2\ %
Run model )
y = Oracle(X) e
Get fitness E
f = Fitness(y, Archive) 3
] ) Ind1 Ind2 Ind3 Ind4 Ind5 .... IndN
lefL.Jnlt p— . |
N=6 ]
y 08 05 072 04 06 ..0.5
f 09 0 07 06 06 ..0
\

If any: \l/

GGGP_BF _trial432
GGGP_BF_trial478
GGGP_BF_trial485
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1582v3 [astro-ph.IM] 5 May 2023

PySR & SymbolicRegression.jl £) github.com/MilesCranmer/pysr_paper

Interpretable Machine Learning for Science
with PySR and SymbolicRegression.jl

Miles Cranmer!+2

L Princeton University, Princeton, NJ, USA
2 Flatiron Institute, New York, NY, USA

May 2, 2023

PYSR? is an open-source library for practical symbolic regression, a type of machine learning
which aims to discover human-interpretable symbolic models. PYSR was developed to democra-
tize and popularize symbolic regression for the sciences, and is built on a high-performance dis-
tributed backend, a flexible search algorithm, and interfaces with several deep learning packages.
PYSR’s internal search algorithm is a multi-population evolutionary algorithm, which consists
of a unique evolve-simplify-optimize loop, designed for optimization of unknown scalar constants
in newly-discovered empirical expressions. PYSR’s backend is an extremely optimized Julia li-
brary SYMBOLICREGRESSION.JL*, which can be used directly from Julia. It is capable of fusing
user-defined operators into SIMD kernels at runtime, performing automatic differentiation, and
distributing populations of expressions to thousands of cores across a cluster. In describing this
software, we also introduce a new benchmark, “ EmpiricalBench,” to quantify the applicability of
symbolic regression algorithms in science. This benchmark measures recovery of historical empirical
equations from original and synthetic datasets.

Applied Soft Computing 132 (2023) 109855

Contents lists available at ScienceDirect

Applied Soft Computing

journal homepage: www.elsevier.com/locate/asoc

Shape-constrained multi-objective genetic programming for symbolic )
regression e
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2 Josef Ressel Center for Symbolic Regression, University of Applied Sciences Upper Austria, Softwarepark 11, Hagenberg, 4232, Austria
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ABSTRACT
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We describe and analyze algorithms for shape-constrained symbolic regression, which allow the
inclusion of prior knowledge about the shape of the regression function. This is relevant in many areas
of engineering — in particular, when data-driven models, which are based on data of measurements
must exhibit certain properties (e.g. positivity, monotonicity, or convexity/concavity). To satisfy
these properties, we have extended multi-objective algorithms with shape constraints. A soft-penalty

Keywords:

Genetic Programming
Multi-objective optimization
Shape-constrained regression
Symbolic regression

approach is used to minimize both the constraint violations and the prediction error. We use the non-
dominated sorting genetic algorithm (NSGA-II) as well as the multi-objective evolutionary algorithm
based on decomposition (MOEA/D). The algorithms are tested on a set of models from physics
textbooks and compared against previous results achieved with single objective algorithms. Further, we
generated out-of-domain samples to test the extrapolation behavior using shape constraints and added
a different level of noise on the training data to verify if shape constraints can still help maintain the
prediction errors to a minimum and generate valid models. The results showed that the multi-objective
algorithms were capable of finding mostly valid models, also when using a soft-penalty approach.

Further, we investigated that NSGA-II achieved the best overall ranks on high noise instances.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

6. Analysis of In-domain performance

6.1. Problem instances

We use a subset of problem instances from the Feynman
Symbolic Regression Database [40] which is a collection of mod-
els from physics textbooks. We select instances based on the
difficulty reported in [40], whereby we kept only the harder
instances? for which we could easily derive monotonicity con-
straints. The selected functions are shown in Table 2. They are
smooth, non-linear, and have only a few inputs. Although we are
using synthetic data, these data are related to physical laws and
therefore similar data could be measured in real world problems.

For each instance, we defined several shape constraints de-
rived from the known expression. The shape constraints are
shown in Table 3 whereby we use a compact tuple notation. The
first element of the tuple is the allowed range for model output
and the remaining elements indicate for each input variable
whether the partial derivative of the model over that variable
is non-positive (—1, monotone decreasing) or non-negative (1,
monotone increasing). The value zero indicates no constraint on
the partial derivative.


https://arxiv.org/pdf/2305.01582.pdf
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Full Dependent Types



Full Dependent Types

Often found in Interactive Theorem Provers (ITP)

* They require writing the proof manually.

* They are very expressive.

theorem proof : Vv, v>0 - v#0 := by
intro v
intro vgto
induction v
simp at vgto
simp

Lean4 Playground



https://live.lean-lang.org/#code=theorem%20proof:%20%E2%88%80v,%20v%3E0%20%E2%86%92%20v%20%E2%89%A0%200%20:=%20by%0A%20%20intro%20v%0A%20%20intro%20vg0%0A%20%20induction%20v%0A%20%20case%20zero%20=%3E%0A%20%20%20%20simp%20at%20vg0%0A%20%20case%20succ%20n%20_%20=%3E%0A%20%20%20%20simp%0A%20%20%0A%0A%20%20%0A
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https://terrytao.wordpress.com/tag/lean4/


https://www.youtube.com/watch?v=AayZuuDDKP0

N N
{8 = Leand4Example.lean
B
= Lean4Example.lean > @) add_abc
/ import LeanCopilot
R import Mathlib.Data.Set.Basic
S
theorem add_abc : YVa b c : N,
- ol intro a b c
8 apply Nat.add_right_comm
t
L T{'{?xt X
i simp_all only [Set.mem_inter_iff]
apply Iff.intro
intro a
simp_all only [and_self]
intro a
simp_all only [and_self]
(%)
oW
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a+b+c a+c+b:

0

2 lean4-example [SSH: dgx]

= Lean Infoview X

v Lean4Example.lean:8:26
¥ Tactic state
No goals
¥ Expected type
abc: N

Vinmk:N),n+m+k=n+k+m

» All Messages (0)

by tac_constructs a term of the expected type by running the tactic(s) tac
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Next Steps

PROGRAM
PRO OF

Samuel MIMRAM

Curry—Howard correspondence

* Use Liquid Types to synthesize
Mathematical Proofs

* Unlike with LLMs, any generated
program is guaranteed to be correct!



Questions?

Examples:

Can we use Genetic Programming to learn
new laws, from observational data?

Is Genetic Programming better than Deep
Learning?

Should we formalize our proofs in Lean?

Is there a physics library for Lean?

http://alcidesfonseca.com
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